Abstract: When a charged particle encircles around an Alice string, it changes the sign of the electric charge. In this paper we find a BPS-saturated Alice string in U (1) × SO(3) gauge theory with charged complex scalar fields belonging to the vector representation. After performing BPS completion we solve the BPS equations numerically. We further embed the Alice string into an N = 1 supersymmetric gauge theory to show that it is half BPS.
Introduction
An Alice string was discovered theoretically almost four decades ago by Albert S. Schwarz [1] . This string has a non-trivial topological property that charged particles flip the sign of the electric charge after encircling the Alice string once, and consequently the charge is not globally defined. The theory admitting an Alice string is sometime called as "Alice electrodynamics", which is a U (1) gauge theory that includes the charge conjugation as a local symmetry, as was discussed first time even before by Joe Kiskis [2] . A typical Alice string was found in an SO(3) gauge theory with scalar fields in spin-2 (traceless symmetric tensor) representation of SO (3) . The SO(3) gauge group is spontaneously broken to O(2), giving rise to the vacuum manifold or order parameter space G/H = SO(3)/O(2) RP 2 . The non-trivial homotopy group π 1 (RP 2 ) Z 2 admits an Alice string. Then, the unbroken generator, which we identify as the electromagnetic U (1) generator, changes its sign when encircling the Alice string once. A possible application of Alice strings in cosmology was proposed in ref. [3] .
The Alice string is an example of a wide class of systems of spontaneously broken symmetry where the unbroken symmetry is either a discrete group or a continuous group that contains components which are not connected to the identity. In the case of the Alice string, the unbroken gauge group is O(2) which is a continuous group with more than one connected components. In general, embedding of the unbroken group becomes space dependent inside the full symmetry group in the presence of vortices. The presence of discrete symmetry or disconnected components in the unbroken gauge group often makes some of the generators undefined globally [4] [5] [6] . In the case of the Alice string, the generator of unbroken U (1) group changes the sign after encircling once around the vortex. This shows a very interesting exotic phenomenon called the creation of "Cheshire charge", a charge which is lost after charged particles encircle the string once [7] [8] [9] . This allows all Sec. 3 we introduce an ansatz and boundary condition for a single Alice string. We expand BPS equations in the profile functions and solve the equations numerically. In Sec. 4 we discuss a symmetry structure of our Alice string. Section 5 is devoted to a summary and discussion.
The model for BPS Alice strings and the BPS equations
We consider an SO(3)×U (1) gauge theory coupled with charged complex scalar fields in the vector representation, equivalently an SU (2)×U (1) gauge theory coupled with one charged complex scalar field in the adjoint representation. Here we use the latter expression for usefulness. We denote SU (2) and U (1) gauge fields by A µ = A a µ τ a and a µ , respectively, and a charged complex scalar field in the adjoint representation by Φ = Φ a τ a , where τ a = 1 2 σ a and σ a (a = 1, 2, 3) are the Pauli matrices. The action is given by
The covariant derivatives and field strengths are defined by
and
with the gauge couplings g and e for SU (2) and U (1) gauge fields, respectively. Since the center of SU (2) does not acts on the adjoint field, the gauge symmetry is actually
. In the vacuum, the scalar field takes the non-zero vacuum expectation value as
which keeps the U (1) 1 symmetry generated by τ 1 unbroken and consequently A 1 µ remains massless, while other gauge fields become massive. The breaking pattern of the gauge symmetry is
where denotes a semi-direct product. The unbroken Z 2 is given by a simultaneous action of a π rotation around either τ 3 , τ 2 or their linear combination and a π rotation in U (1) b . Since the Z 2 action does not commute with U (1) 1 , there is the semi-direct product between them. The vacuum manifold is obtained as
This allows a non-trivial fundamental group 5) indicating the existence of stable vortices. One can observe that compared with the vacuum manifold S 2 /Z 2 RP 2 of the conventional Alice string, there is the U (1) factor in Eq. (2.4).
We will see that this difference is essential for the BPS property.
The static energy is expressed as
Here, we consider the critical couplings,
at which we can consider the Bogomol'nyi's arguments. By performing the Bogomol'nyi completion, the tension (energy per the unit length) of a vortex along the x 3 coordinate can be written as
where
are used together with the complex coordinate z ≡ x 1 + ix 2 , and all fields are taken to be independent of x 3 coordinate. The BPS condition is satisfied when the inequality is saturated, in which case the tension is simply given by
At this saturation point we can write first order BPS equations
All configurations that satisfy the above BPS equation also satisfy the full second order equations of motion as usual.
A BPS Alice string solution
In this section, we construct a cylindrically symmetric single vortex solution. To solve the BPS equations, we consider the ansatz
where {r, ϕ} are radius and azimuthal angle, respectively. Here, f 1 (r), f 2 (r), A(r) and a(r) are four profile functions depending only on the radial coordinate. Then, the first order equations take the form
We solve the above equations with the boundary conditions
To solve these equations let us define two new profile functions ψ 0 (r) and ψ 1 (r) as
These give
Then, the above four equations are reduced to the following two equations,
where we have defined ρ 2 ≡ 2g 2 ξ 2 r 2 and the ratio l ≡ e/g between the U (1) and SO(3) gauge couplings. The boundary conditions for the new variables become
where R is the system size. We solved these equations numerically and all the profile functions are plotted in Fig. 1 . We may further rewrite the equations by defining
and these redefinitions transform the equations to the form
For l = 1 these two equations posses the solution ψ 1 (ρ) = ψ 0 (ρ), and the above two equations are reduced to a single equation, which is known as the Taubes equation [35] for a single ANO vortex [18] . Before closing this section, it may be interesting to note that Eqs. (3.3)-(3.6) for profile functions are identical to those of an axially symmetric non-Abelian vortex in U (N ) gauge theory coupled with N flavors in the fundamental representations [21] . Although the physical properties are quite different between them, some mathematical properties such as the uniqueness and existence of the solutions are common.
Symmetry structure of the Alice string
In this section we shall analyze the symmetries and symmetry breaking of the system. To understand the symmetry breaking defined in Eq. (2.3) , let us analyze the large distance behavior of the order parameter of the scalar field. The order parameter has a non-trivial winding at large distances of the string and can be expressed as
with the system size R. Now if we set the order parameter at ϕ = 0 (along the x 1 -axis) as
the order parameter at any arbitrary ϕ can be obtained by a holonomy action as Φ(R, ϕ) = e ie a·dl e ig A·dl Φ(R, 0)e
where we have defined holonomies by
These are obtained by the condition that the order parameter Φ is covariantly constant at large distances (D i Φ → 0 as R → ∞). Now it can be easily noticed that the generator of unbroken group changes as we encircle the string by an angle ϕ. The generator of the unbroken U (1) at ϕ = 0 is defined as Q 0 = τ 1 . Then the U (1) generator at the angle ϕ can be obtained by an action of the holonomy U 3 (ϕ) on Q 0 as
We then find that the generator changes its sign after the completion of one full circle around the vortex as
This makes the non-existence of electric charge globally, as the case of conventional Alice strings. The action of holonomy in Eq. (4.4) can be written in the SO(3) spin one representation as
This shows that
implying the Alice property more clearly. Before closing this section, let us make a remark. The above Alice phenomenon is an example of "obstruction" [36] [37] [38] [39] . In general, a covariantly constant embedding of the unbroken symmetry group H (the little group of Φ(ϕ)) inside the original symmetry group G depends on ϕ. If H is a non-Abelian discrete group or a continuous group containing discrete elements as a semi-direct product, some generators become multivalued. Such a system in which a gauge group contains disconnected elements was discussed in Ref. [2] in the context of O(2) gauge theory where charge conjugation symmetry(Z 2 ) was introduced as a local symmetry along with the SO(2) gauge theory in a non-simply connected space.
The SUSY model and 1/2 BPS Alice strings
In this section, we embed the bosonic action in the last sections into an N = 1 SUSY gauge theory in 3 + 1 dimensions (or equivalently N = 2 SUSY theory in 2 + 1 dimensions). Then, we show that BPS equations can be obtained by a half SUSY preserving condition.
Let us introduce chiral superfields Ψ ± (x, θ,θ) transforming under the adjoint representation of the SU (2) group with the U (1) charge ±1, and the vector superfields V 0 (x, θ,θ) and V (x, θ,θ) = V a (x, θ,θ)τ a for the U (1) and SU (2) gauge groups, respectively. Then, the N = 1 SUSY action that we consider is given in terms of the above superfields by
where ξ 2 is a constant called the Fayet-Iliopoulos parameter 2 . The above action can be expanded in terms of component fields as
The auxiliary fields D, D 0 and F ± can be solved as
If we set Φ − = 0 and Φ + = Φ, we then can recover the action in Eq. (2.1) in bosonic fields, for which the potential term is
Φ − parametrizes a flat direction of the theory. The effect of a flat direction on BPS vortices of the ANO type was discussed in Refs. [41, 42] . Now we show that the BPS equations can be obtained by imposing SUSY transformation of the fermions to be zero. The SUSY transformations of the fermions can be written as
Here we have imposed the condition
By using above condition (5.8) and Eq. (5.3), we can recover the BPS equations by setting the SUSY transformation of the fermions to be zero:
We then find that the condition
gives the BPS equations (2.10)-(2.12) with the upper sign, while the condition
gives the same equations with the lower sign. We thus have shown that a BPS Alice string preserves a half of SUSY and is a 1/2 BPS state.
Summary and Discussion
In this paper, we have presented a BPS construction of an Alice string in a non-Abelian gauge theory. To this end, we have considered a simple model of U (1)×SO(3) gauge theory with charged complex scalar fields in the vector representation. To find a vortex solution, we first have written down the BPS equation by the Bogomol'nyi completion of the energy functional. We then have written our ansatz for the scalar and gauge fields for an axially symmetric single vortex. There are total four profile functions but BPS equations reduce them into two (f 1 (ρ), f 2 (ρ)). We have solved the profile functions numerically to construct solutions. We have found that equations for profile functions are the same with those of an axially symmetric non-Abelian vortex in U (N ) gauge theory coupled with N fundamental representation. We then embed our Alice string in an N = 1 SUSY action by introducing two chiral superfields along with vector superfields corresponding to U (1) and SU (2) gauge theories with the Fayet-Iliopoulos term. The vortex is found to be 1/2-BPS saturated which follows directly from the N = 1 SUSY transformations. In our Alice string construction the complex adjoint scalar breaks the symmetry to O(2). This O(2) consists of a rotation around two different axis, that is, an SO(2) rotation around τ 1 and a π rotation around τ 2 , τ 3 or their linear combination (Z 2 ). These two rotations actually do not commute with each other. This generates the ambiguity in the presence of a vortex when the generator of SO(2) becomes space dependent; once it encircles the Alice string, it rotates around τ 2,3 by π in the internal space. This implies that the element of Z 2 acts non-trivially on the generator of the unbroken SO(2), which changes the sign. Alice strings found in this paper are the first explicit construction of BPS Alice strings in SUSY gauge theory. It will be interesting to investigate what impact it has on various properties such as Cheshire charges in SUSY gauge theories. It will be also possible to realize our SUSY gauge theory in D-brane configurations with an orientifold in string theory. It may be related to a D-brane configuration discussed in Ref [29, 30] . It would be interesting to ask what are the consequences on D-brane physics of our BPS construction. 3 Since the presence of our BPS Alice string breaks the O(2) symmetry around the vortex core, it produces a Nambu-Goldstone mode localized around the core giving rise to a U (1) modulus. We have constructed the low energy effective theory explicitly in ref [44] . In the SUSY context, there will be also fermion zero modes on the Alice string that constitute a SUSY multiplet of unbroken SUSY. However, these modes will be non-normalizable as in Refs. [4, 5] , while a relative U (1) modulus of two Alice strings might be normalizable as in semi-local strings [45] since two strings would not exhibit Alice properties.
In this paper, we have constructed only a single vortex solution. The next step will be constructing multi-vortex configurations. Arbitrary number of Alice strings should be able to be placed at any positions since our system is BPS and there should be no force among them. We expect that odd number of Alice strings have Alice property while even number of them have no such property.
Our model admits a monopole since π 2 [(S 1 × S 2 )/Z 2 ] = Z. In fact, a global monopole was constructed in spin-1 BEC [46] . The interesting is that this falls into an Alice string ring with twisted U (1) modulus, as is the case of a monopole in the conventional Alice theory [12, 14] . It is interesting question whether our model admits a BPS monopole and whether it is also a form of a twisted Alice ring.
In this paper we have considered only the simplest model with U (1) × SO(3) gauge theory with charged complex scalar fields in the vector representation or equivalently U (1) × SU (2) gauge theory with charged complex adjoint scalar fields. The simplest generalizations of our model will be charged complex scalar fields in any spin representation of SO(3), U (1) × SO(N ) gauge theory with charged complex scalar fields in the vector (or other) representation, and U (1) × SU (N ) gauge theory with charged complex scalar fields in the adjoint representation. In these cases, an unbroken non-Abelian gauge group in the bulk would have an obstruction in its continuos component (in addition to the Alice property in Z 2 ), and it is broken in the vortex core giving rise to non-normalizable non-Abelian moduli as in Ref. [39] .
